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Abstract
Since the discovery of the accelerated expansion of the universe, it was necessary to introduce
a new component of matter distribution called dark energy. The standard cosmological model
considers isotropy of the pressure and assumes an equation of state p = ωρ, relating the pressure
p and the energy density ρ. The interval of the parameter ω defines the kind of matter of the
universe, related to the fulfillment, or not, of the energy conditions of the fluid. The recent interest
in this kind of fluid with anisotropic pressure, in the scenario of the gravitational collapse and star
formation, imposes a carefull analysis of the energy conditions and the role of the components of
the pressure. Here, in this work, we show an example where the classification of dark energy for
isotropic pressure fluids is used incorrectly for anisotropic fluids. The correct classification and its
consequences are presented.
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I. INTRODUCTION
Over the past decade, one of the most remarkable discoveries is that our universe is
currently accelerating. This was first observed from high red shift supernova Ia [1]-[7], and
confirmed later by cross checks from the cosmic microwave background radiation [8]-[9] and
large scale structure [10]-[15].
In Einstein’s general relativity, in order to have such an acceleration, one needs to intro-
duce a component to the matter distribution of the universe with a large negative pressure.
This component is usually referred as dark energy. Astronomical observations indicate that
our universe is flat and currently consists of approximately 2/3 dark energy and 1/3 dark
matter. The nature of dark energy as well as dark matter is unknown, and many radi-
cally different models have been proposed, such as, a tiny positive cosmological constant,
quintessence [16]-[18], DGP branes [19]-[20], the non-linear F(R) models [21]-[23], and dark
energy in brane worlds, among many others [24]-[43] ; see also the review articles [44]-[45],
and references therein.
As mentioned before, the existence of dark energy fluids comes from the observations of
the accelerated expansion of the Universe and the isotropic pressure cosmological models
give the best fitting of the observations. Although some authors [46] have suggested cos-
mological model with anisotropic and viscous dark energy in order to explain an anomalous
cosmological observation in the cosmic microwave background (CMB) at the largest angles.
On the other hand, another very important issue in gravitational physics is black holes
and their formation in our universe. Although it is generally believed that on scales much
smaller than the horizon size the fluctuations of dark energy itself are unimportant [47],
their effects on the evolution of matter overdensities may be significant [48]-[49]. Then, a
natural question is how dark energy affects the process of the gravitational collapse of a star.
It is known that dark energy exerts a repulsive force on its surrounding, and this repulsive
force may prevent the star from collapse. Indeed, there are speculations that a massive star
doesn’t simply collapse to form a black hole, instead, to the formation of stars that contain
dark energy. In a recent work, Mazur and Mottola [50] have suggested a solution with a
final configuration without neither singularities nor horizons, which they called ”gravastar”
(gravitational vacuum star). In this case, the gravastar is a system characterized by a thin
(but not infinitesimal) shell made of stiff matter, which separates an inner region with de
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Sitter spacetime from the Schwarzschild exterior spacetime. The elimination of the appar-
ent horizon is done using suitable choice of the inner and outer radius of the thin shell, in
such way that the inner radius be shorter than the horizon radius of de Sitter spacetime
and the outer radius longer than the Schwarzschild horizon radius. In a later work, Visser
and Wiltshire [51] have shown that the gravastar is dynamically stable. The possibility of
the existence of objects like the gravastar brings all the discussions about the fact that is
unavoidable that gravitational collapse always forms a black hole. As a result, black holes
may not exist at all [52]-[53]. However, recently we have shown that although the possi-
bility of the existence of gravastars cannot be excluded from such dynamical models, even
if gravastars do indeed exist, this does not exclude the possibility of the existence of black
holes [54].
Another related issue is that how dark energy affects already-formed black hole is related
to the fact that it was shown that the mass of a black hole decreases due to phantom energy
accretion and tends to zero when the Big Rip approaches [55]-[56]. Gravitational collapse
and formation of black holes in the presence of dark energy were first considered by several
works [57]-[60].
Based on the discussions about the gravastar picture some authors have proposed alter-
native models. Among them, we can find a Chaplygin dark star [61], a gravastar supported
by non-linear electrodynamics [62], a gravastar with continuous anisotropic pressure [63].
Beside these ones, Lobo [64] has studied two models for a dark energy fluid. One of them
describes a homogeneous energy density and another one which uses an ad-hoc monotonic
decreasing energy density, both of them with anisotropic pressure. In order to match an
exterior Schwarzschild spacetime he has introduced a thin shell between the interior and
the exterior spacetimes. In a recent work [65] we constructed another alternative model to
black holes considering the possibility of gravitational trapping of dark energy by standard
energy, i.e., not dark energy. We have found that, in order to have static solutions, at least
one of the regions must be constituted by dark energy. Then, in this context we could have
the dark energy sustaining the collapse of the standard energy, while the standard matter
would trap the dark energy.
Our interest in anisotropic dark energy comes from the fact that some theoretical works
on more realistic stellar models suggest that superdense matter may be anisotropic at least
in certain ranges [66][67]. Different scenarios have been proposed which could give rise to
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local anisotropy, e.g. pion condensation [68], different kinds of phase transitions [69][70],
boson stars [71][72], type P superfluids, crystallization in white dwarfs [73] among others
[74][75]. Also in low density systems, local anisotropy may develop from the appearance
of an anisotropic velocity distribution, e.g. in the galactic halos of fermionic dark matter
[76][77]. In the framework of general relativity, since the paper by Bowers and Liang [78],
the assumption of local anisotropy has been extensively studied (for further references see
[79]-[82]). More recently, in the gravastar scenario, it was shown by Cattoen, Faber and
Visser [83] that these models must exhibit anisotropic pressures at least in their ”crust” in
order to be finite-sized objects. Besides, although the large scale distribution of dark energy
is supposed to be isotropic, as well as the standard matter, we believe that it is reasonable to
admit that dark energy may be anisotropic at small scales, as well as the standard matter.
In this work we will demonstrate that the definition of anisotropic dark energy and phan-
tom fluids can be more complex than the case of isotropic fluids, in terms of the energy
conditions, since each pressure component can contribute in a different way to the conver-
gence property of the gravity. Then, it is important to pay attention on this subject for
systems where anisotropy is relevant, as in the gravitational collapse or star formation [65].
The paper is organized as follows. In Section II we show the definitions of dark energy
and phantom fluids. In Section III we present an example of misleading classification of
dark energy and phantom fluid and we also discuss some consequences. Finally, in Section
III we present our final considerations.
II. DARK ENERGY AND PHANTOM FLUID DEFINITIONS
Dark energy and phantom fluids are characterized by the violation of certain energy
conditions. These can be grouped in three kinds, that are: (i) weak energy conditions; (ii)
dominant energy conditions; (iii) strong energy condition. In order to clarify the meaning
of each one of them, we present a brief review [84].
Firstly, it is physically reasonable and even desirable that the measure of the energy
density, ρ, of a matter field, a fluid, be non-negative. Thus, as the first condition we can
expect that the energy density measured by an observer with quadrivelocity ξµ be always
positive, which can be mathematically represented by
Tµν ξ
µ ξν ≥ 0, (1)
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for all vector ξµ time-like or null. The energy condition (1) is called as weak energy condition.
On the other hand, a fundamentally important equation in the study of the process of the
gravitational collapse is the Raychaudhuri equation, given by
ξµ∇νθ =
dθ
dτ
= −
1
3
θ2 − σµνσµν + ω
µνωµν − Rµνξ
µξν, (2)
where τ is the proper time, θ define the expansion, σµν the shear and ωµν the torsion.
Equation (2) describe the rate of the expansion variation through the geodesic curves in the
family of the congruence considered. The term Rµνξ
µξν is associated with the field matter
by the equation
Rµνξ
µξν =
(
Tµν −
1
2
T gµν
)
ξµξν = Tµνξ
µξν +
1
2
T, (3)
which must be always positive in order to give a negative contribution for the variation of
the expansion of the geodesic curves in the congruence. Mathematically this implies in the
condition
Tµνξ
µξν ≥ −
1
2
T. (4)
Then, with equation (4) can be assured that all the matter physically well behaviored,
exerts a convergency effect on the time-like or time-null geodesic families, guaranteeing the
attractiveness of gravity. This energy condition is known as the strong condition. It can
also be called the convergency condition in a collapse process.
Finally, another energy condition, called as dominant condition, imposes that the local
velocity of the matter flux is always smaller than the local light velocity, which is guaranteed
if the pressure of the fluid do not exceed the energy density. For an observer with quadriv-
elocity ξµ, the quantity −Tν
µ ξν physically restrict the quadrivelocity of the matter energy
current, under point of view of this observer. In this way, all future time-like vector ξµ,
−Tν
µ ξν must be a time-like or null vector. Note that the strong energy conditions do not
include the weak energy conditions. The strong concept is based only on the fact that the
condition described in (4) is physically more restrictive as that presented in equation (1).
Applying these conditions to a general spherically symmetric anisotropic fluid they reduct
to
i) the weak energy conditions (1)
ρ ≥ 0, (5)
ρ+ pr ≥ 0, (6)
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ρ+ pt ≥ 0, (7)
where ρ is the energy density, pr and pt are the radial and tangential pressure, respectively.
ii) The strong energy conditions (4) are now given by the equations (6)-(7) and
ρ+ pr + 2pt ≥ 0. (8)
The dominant energy conditions are given by the equations (5)-(7) and
ρ− pr ≥ 0, (9)
ρ− pt ≥ 0. (10)
In the particular case of the homogeneous e isotropic Friedmann cosmological models
(pr = pt = p) assume an equation of state in the form
p = ωρ, (11)
where p is the isotropic pressure. In order to have accelerated expansion scenario coherent
with supernovae observations, we need to have
ω < −
1
3
. (12)
But, in this range, the strong energy condition (8), that reduces to
ρ+ 3p ≥ 0, (13)
is violated. This means that for an accelerated Friedmann universe is necessary to suppose
a strange kind of energy, permeating all the spacetime that was called dark energy.
Then, the denomination dark energy is applied to fluids which violate only the strong
energy condition given by the equation (8). On the other hand, the denomination phantom
energy is associated to fluids which, besides violation of the equation (8), also violate at least
one of the conditions given by equations (6) or (7). More specifically we assume, to this
case, the denomination repulsive phantom energy, while the case where only the conditions
given by equation (6) or (7) is violated as attractive phantom energy.
On the other hand, generally, physical relevant anisotropic fluids present a state equation
as pr = ωρ, where pr is the radial component of the pressure and the tangential component
is furnished by the field equations. Note that, even in this case, the inequality (6) implies
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the same condition ω < −1. However, the condition on the tangential component (7) does
not imply, in an obvious way, a dependence on the parameter ω, since both components are
independent each other. Then, if we consider the limit ω < −1, in fact, we can identify
some solutions of phantom fluids, but we may not see other possibilities which arise from
the tangential component of the pressure. Differently of the phantom case, the definition
of the dark energy fluids, based on the violation of the condition (8), can take us to a
entirely different limits from that originated in the isotropic case. Thus ω < −1/3 does not
assure the characterization of dark energy in this case. This occurs because the value of the
limit for the parameter ω can depend on the other physical parameters introduced by the
tangential component of the pressure. Besides this, it can also be considered anisotropic
models where the equation of state is applied on the tangential component of the pressure
(pt = ωρ). In this case, all the above discussion is still valid, since we change the role of the
pressure components.
III. EXAMPLE OF MISCLASSIFICATION
In the following we will present an example where this analysis should be done carefully.
Motivated by the picture of gravastars, Lobo [64] has proposed a model of stars constituted
by dark energy. However, the analysis in his work is based on the dark energy limits for the
parameter ω of the equation of state p = ωρ with −1 ≤ ω ≤ −1/3. This interval of values
comes from the Friedmann cosmological models which assume isotropic pressures p. Since
the Lobo’s stellar models [64] use anisotropic pressure fluids, it is necessary a revision of the
interval of ω, in order to have a correct classification of dark, not dark (or standard) and
phantom energy. Moreover, for the fluid proposed in his work to represent the interior of
the star, it is necessary to introduce a subclassification in order to describe all the different
behavior of the gravity.
Applying the energy conditions to the first Lobo’s model [64] where
ρ = ρ0, (14)
pr = ωρ0, (15)
pt = ωρ0

1 + 4pi
6
(1 + ω)(1 + 3ω)ρ0r
2
ω
(
1− 8piρ0
3
r2
)

 , (16)
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the conditions from equations (6) and (7) give us
ω ≥ −1, (17)
and
3m(r)ω2 + 2ωr + 2r − 3m(r) ≥ 0, (18)
where m(r) = 4piρ0r
3/3 and r are the mass and the radial coordinate, respectively. Observe
that the contribution of the tangential pressure introduce a dependence between ω, m(r)
and r, which was forgot in the Lobo’s work [87].
Here we present the analysis only of the first Lobo’s model, as an example, by virtue of
its simplicity.
The condition given by equation (18) is satisfied in the following intervals
1. for r = 3m(r) for any values of ω,
2. for 2m(r) < r < 3m(r), we have ω < −1 and ω > 1− 2r/[3m(r)],
3. for r > 3m(r), we have ω < 1− 2r/[3m(r)] and ω > −1.
On the other hand, the strong energy condition, from equation (8), furnishes us
3m(r)ω2 + [3r − 2m(r)]ω + r −m(r) ≥ 0. (19)
Thus dark energy is possible for the range 1 − r/m(r) < ω < −1/3. This fact implies that
some of the solutions considered by Lobo as being dark energy fluids (ω < 1 − r/m(r)),
which we denote here as attractive phantom energy, are misclassified [88].
We have summarized the limits for ω in figure 1, which depend on the values of m(r) and
r. Note that in the particular cases where the Lobo’s solution corresponds to a isotropic
pressure fluids (ω = −1 and ω = −1/3) his classification for fluids is preserved. However, the
frontier value of ω for which the fluid pass from dark energy to repulsive phantom energy, in
the anisotropic case, it only coincides with the value ω = −1 for r ≥ 3m(r). Note that for the
range 2m(r) < r < 3m(r), the limit between dark energy and repulsive phantom energy is
given by the violation of the energy condition ρ+pt ≥ 0, corresponding to the contribution of
the pressure which is not defined by an equation of state, instead of the condition ρ+pr ≥ 0.
This is sufficient to modify the limit value of ω, where the fluid is constituted by repulsive
phantom energy, from −1 to 1−2r/[3m(r)]. Then, for this simple example treated here, we
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FIG. 1: Dependence of the fluid’s nature on ω. The several parallel lines in the case (a.1) denote
that exist regions where still there is repulsive phantom energy (1 − r/m(r) < ω < −1) and dark
energy (1− 2r/[3m(r)] < ω < −1/3).
have a clear evidence that this limit depends strongly on the rate between r and m(r). A
relationship between the magnitude of anisotropy and the local compactness for gravastars
was already suggested by Cattoen, Faber and Visser [83]. Moreover we can also see that
there is a new and significant frontier given by ω = 1− r/m(r), for all ratio r/m(r).
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IV. CONCLUSIONS
In this work we have shown that the definition of the dark energy and phantom fluids,
in terms of the energy conditions, must be carefully used for systems where anisotropy
may be very important for gravitational collapse. In particular, we point out that the
pressure components may have very important roles and they can contribute differently for
the classification of the fluid and its gravitation behavior (attractive or repulsive). In this
work we present an example where the classification of dark energy for isotropic pressure
fluids is used incorrectly for anisotropic fluids. The correct classification and its consequences
has been shown.
Finally, we would like to stress that the correction proposed here does not invalidate
the results and conclusions presented by Lobo [64], although it restricts his solutions which
characterize dark energy stars. We consider that the care pointed out here, and exemplified
by us through one of the Lobo’s solutions, with anisotropic pressure fluids is necessary and
must be observed in any work with anisotropic pressure models (star or cosmological ones).
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